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Ground states of the D− ion in multivalley semiconductors have been investigated using a diffusion quantum
Monte Carlo method, under the condition that the central-cell correction for a donor ion can be neglected. The

D− binding energy EB
D−

can be simply approximated for the intravalley configuration with the use of a donor

binding energy EB
D0

, as EB
D−

�0.055EB
D0

, if the anisotropy of the effective mass is not so large. The anisotropy

of the effective mass being large, the D− binding energy increases greater than 0.055EB
D0

. This is due to the
enhancement of the correlation effect between two electrons in a D− ion with lowering dimension. For the
intervalley configuration, the D− binding energy is further increased because the repulsive Coulomb energy
between trapped electrons can be effectively suppressed. Our calculated results reproduce well the experimen-
tal ones for Si and Ge, in which the intravalley or the intervalley configuration is well controlled.
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I. INTRODUCTION

As the solid state candidates for qubits in quantum infor-
mation processing, semiconductor-based systems have been
extensively examined. Following the proposal by Kane,1

there has been a great deal of activity to develop a silicon-
based quantum computer architecture such as direct ex-
change interaction2 between electron spins in a donor and
charge qubits3 composed of two donors. Considering the
multivalley structure of the Si conduction band, the interval-
ley interference has important consequences for single-qubit
operation.

Column IV elemental semiconductors such as silicon, ger-
manium, and diamond are multivalley semiconductors, and
the minima of the conduction band are located at several
equivalent points in the Brillouin zone. The effective mass
parallel or perpendicular to the rotational axis in each valley
becomes different, that is, an anisotropic effective mass, con-
trary to the case of GaAs with an isotropic effective mass, in
which the conduction band minimum is located at the �
point in the Brillouin zone. It is well known that a neutral
state of a donor �D0� is affected by the anisotropy of the
effective mass. A neutral donor can weakly bind an addi-
tional electron. The resultant negative donor is referred to as
a D− ion. Repulsive Coulomb energy between two trapped
electrons, i.e., the energy difference between a D− ion and
two neutral donors, is called U in the Hubbard model. This U
determines a magnitude of an antiferromagnetic exchange
interaction between two separated, localized electrons with a
transfer integral t as 4�t�2 /U. This antiferromagnetic ex-
change interaction prevails over the direct ferromagnetic ex-
change interaction at a large interval.4

With respect to the D− state, a lot of theoretical studies
have been performed by various methods, such as the varia-
tional method,5–7 diffusion quantum Monte Carlo method,8

and full configuration-interaction approach.9 However, they
have been limited to the single valley case. For multivalley
semiconductors, a simple variational calculation has been
performed on the D− ion states by Natori and Kamimura:10

In the calculated binding energies for a D− ion, �ii in the

intravalley electron configuration and �ij in the intervalley
one are rather qualitative but not quantitative sufficiently,
since both the correlation term in the variational wave func-
tion and the valley-orbit splitting are neglected.

Extensive experimental studies have been performed by
Narita’s group for an isolated D− ion in Si and Ge. They have
pointed out that extremely low impurity concentration and
compensation are indispensable: The concentration depen-
dence of the D− state spectra indicates the transition from a
shallow isolated D− state to a deeper bound one in which
electrons are trapped by two or more neutral donors.11 The
electron binding energies of an isolated D− ion state in Ge
are determined to be 0.625 and 0.75 meV for Sb and As
impurities, respectively, using the long-wavelength photo-
conductivity thresholds12 at low temperatures. Uniaxial
stress effect on the electron binding energy of an isolated D−

state has also been investigated; D− binding energies are
shifted to 0.55 meV �Sb� and 0.57 meV �As� with the high
�111� uniaxial stress where the single valley configuration is
realized. For Si, on the other hand, the D− binding energies
are similarly determined to be 1.73, 2.05, and 1.75 meV for
P, As, and Li impurities, respectively, in the stress free case.13

Norton obtained a similar value of 1.7 meV for both P and
As impurities from the photoconductivity spectra14 at a low
temperature. When the �100� uniaxial stress is applied,13 the
D− binding energy decreases initially and then increases with
increasing stress for P and As impurities. However, the high
stress limit was not attained in their experiments. The D−

binding energy for an interstitial Li impurity decreases lin-
early as the �100� stress increases and converges at a limit of
high stress with a constant value of 1.55 meV.

Such stress dependences of the binding energies of D−

ions for P and As substitutional impurities in Si were first
investigated by Larsen15 and then refined by Oliveira and
Falicov16 in consideration of the valley-orbit interaction.17–19

They obtained the zero-stress binding energies of the D−

state in P-doped Si as 1.04 �Ref. 15� and 2.23 meV.16 For the
interstitial Li impurity, on the other hand, Larsen has pointed
out15 that the inverted structure of the valley-orbit split
ground-state levels of Li donors19 gives quite different stress
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dependence of the D− binding energy, i.e., a pure intervalley
energy �ij at zero stress and a pure intravalley energy �ii at
the high stress limit. In these studies, on the stress depen-
dence of the D− ion state, however, the effect of the aniso-
tropic effective mass in each valley was neglected.

Our purpose is to accurately calculate the binding energy
of the D− ground state for multivalley semiconductors and to
quantitatively clarify both effects of the anisotropy of the
effective mass and the multivalley structure. The binding en-
ergy of a D− ion is very small and hence the correlation
effect between the two trapped electrons is essentially impor-
tant. In order to treat the correlation effect appropriately, we
used the diffusion quantum Monte Carlo �DQMC� method.20

II. CALCULATION METHOD

If the central-cell correction is neglected in multivalley
semiconductors, each electron of the D− ion belongs to a
specific valley among several equivalent valleys. Therefore,
an electron configuration of a D− ion is assigned by the val-
ley configuration: the intravalley �intervalley� configuration
if two trapped electrons belong to the same �different� valley,
respectively. In the effective mass approximation, the Hamil-
tonian for a D− ion with the intravalley configuration is given
by

H�r1,r2� = H1�r1� + H1�r2� +
1

r12
,

H1�rn� = −
1

2
� �2

�xn
2 +

�2

�yn
2� −

1

2Mr
� �2

�zn
2� −

1

rn
. �1�

Here, r12 is the distance between two electrons and H1�rn� is
the single electron Hamiltonian for a neutral donor D0. Mr is
the ratio of the longitudinal effective mass m

l
* to the trans-

verse effective mass m
t
*, i.e., Mr=m

l
* /m

t
*. For example, Mr

=1.0, 3.89, 4.81, and 19.5 for GaAs, diamond, Si, and Ge,
respectively.21 In Eq. �1�, the energy and the length are mea-

sured in the effective atomic units of Ha*=m
t
*e4 / �8�h2� and

a
B
*=�h2 / ��m

t
*e2�, respectively. In the case of the intervalley

configuration, the longitudinal axis z in the single electron
Hamiltonian becomes different for each electron. The bind-
ing energy of a D− ion is calculated as

EB
D−

= ED0 − ED−, �2�

where ED0 and ED− are the ground-state energies of a neutral
donor D0 and a negative donor D−, respectively.

We used the DQMC method with an importance
sampling20 to calculate the ground-state energies, ED0 and
ED−. In the DQMC method, a diffusion constant in each di-
rection is inversely proportional to the corresponding effec-
tive mass of each electron. Hence, we can easily implement
both the anisotropy of the effective mass and the multivalley
structure by using the DQMC method. We assumed the spin-
singlet ground state for a D− ion and adopted the following
simple trial functions for D0 and D− states in the importance
sampling for the intravalley case,

�D0
trial = exp�−	x2 + y2

a1
2 +

z2

b1
2� ,
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FIG. 1. Ground-state energies of a neutral donor D0 and a D−

ion for the intravalley configuration as a function of the effective
mass ratio Mr, calculated by the DQMC method, the VMC method,
and the geometric averaged effective mass �Eq. �4�� �a broken line
for D0 and a solid line for D−�. An inset shows them in a linear scale
around Mr=1. The two horizontal lines indicate the values of −0.5
and −0.5275 Ha*.
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FIG. 2. Binding energies of D− ions for both the intravalley and
the intervalley configurations as a function of the effective mass
ratio Mr. Experimental values for Li-doped Si �Ref. 13� and Sb-
doped Ge �Ref. 12� in the stress free and in the high stress limit are
shown by solid squares. Here, � is the angle between two longitu-
dinal axes of each valley. The results for the geometrically averaged
effective mass �Eq. �5�� is also plotted by a solid line.
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FIG. 3. Ratio of a D− binding energy to a neutral donor binding
energy as a function of the anisotropy of the effective mass, Mr.
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�D−
trial = exp�−	x1

2 + y1
2

a2
2 +

z1
2

b2
2 −	x2

2 + y2
2

a2
2 +

z2
2

b2
2� , �3�

where ai and bi are the variational parameters related to the
transverse and the longitudinal extensions of the wave func-
tion around a donor. The parameters are optimized with a
variational Monte Carlo �VMC� simulation.

III. NUMERICAL RESULTS

In Fig. 1, the ground-state energies for the intravalley con-
figurations of a neutral donor and a negative donor ion with
the DQMC method are plotted as a function of the aniso-
tropy of the effective mass, Mr. Here, � is the angle between
the longitudinal rotational axes of the valleys. For example,
�=0 in the intravalley case, �=90° in the intervalley cases of
Si and diamond, and cos �=1 /3 in the intervalley case of Ge.
It should be mentioned that the two-different-valley configu-
ration with �=180° for Si is equivalent to the intravalley
one. With the isotropic effective mass of Mr=1.0, the
ground-state energies of neutral donor and negative donor
states are well known to be −0.5 and −0.5275 Ha*,8 respec-
tively. Our DQMC calculations reproduce well these values
at Mr=1.0, contrary to our previous simple variational

calculation.10 If we use the geometric average of the aniso-
tropic effective mass instead of the anisotropic effective
mass itself, the ground-state energies can be approximated as

ED0 � − 0.5Mr
1/3,

ED− � − 0.5275Mr
1/3. �4�

It is seen in Fig. 1 that these approximations underestimate
the ground-state energies except for Mr=1.0. The numerical
results of the VMC simulations are also presented in Fig. 1.
The agreement between the DQMC and VMC results is very
good for a neutral donor state, but the VMC calculation can-
not give a bound D− state owing to the poor assumption for
the variational wave function for a D− ion �Eq. �3��. On the
other hand, the DQMC method gives a shallow-bound state
for D−. The resulting binding energy �ii is plotted in Fig. 2
with �ij for the intervalley configuration. The binding energy
of the D− ion increases monotonically as a function of Mr as
seen in Fig. 2, since the contribution of the longitudinal ki-
netic energy is suppressed. In the intervalley configuration,
the D− binding energy increases with increasing �, which is
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FIG. 4. Probability density distributions of both a neutral donor
�thin lines� and a D− ion �thick lines� for the intravalley configura-
tion, along the �a� transverse direction and the �b� longitudinal
direction.
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FIG. 5. �a� Correlated probability density distributions �broken
line� of a D− ion for the intravalley configuration, when the other
electron is located at r= �0.5,0 ,0�, and �b� exchange-correlation
hole distribution, along the transverse x axis. In �a�, the probability
density distribution for a D− ion is also drawn by a solid line. Here,
Mr=19.5 is assumed, corresponding to Ge.
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attributed to the reduction of the electron-electron Coulomb
interaction. The geometric average mass approximation of
Eq. �4� gives the following relation in the intravalley case,

�ii � 0.0275Mr
1/3; �5�

however, it is clearly seen that Eq. �5� slightly overestimates
the intravalley D− binding energies.

To investigate the relation between the binding energies
of a neutral donor and a D− ion, we show their ratio as a
function of Mr in Fig. 3. The remarkable result is that the
ratio is roughly constant in the intravalley case and it takes
values of 0.055–0.06 for 0.1�Mr�10.0, as is the case with
an isotropic effective mass22 �0.055�. This scaling relation-
ship enables us to evaluate the D− binding energy simply as

�ii�0.055EB
D0

for the intravalley case. The geometric aver-
age mass approximation overestimates both binding energies

of �ii and EB
D0

, and hence their ratio has a nearly constant
value in a somewhat wide range of 0.1�Mr�10.0. This
approximation becomes poor outside this range, being
caused by the enhancement of the electron correlation effect,
which is characteristic in lower dimensional systems. It

should be mentioned that EB
D0

can be estimated easily by the
simple variational calculations. In the intervalley case, on the
other hand, this simple scaling relation does not hold and the
ratio is increased with increasing mass anisotropy because of
the reduction of the Coulomb interaction energy between two
trapped electrons.

Next, we show the distribution of the probability density
of an electron for both D0 and D− states in Fig. 4. It is seen
that an electron of a D− state is distributed more widely than
that of a D0. This results from the repulsive Coulomb inter-
action between two electrons in a D− ion. Furthermore, the
anisotropic distribution can be recognized for Mr�1.0. Fi-
nally, in Fig. 5, we present both the correlated probability
density and the exchange-correlation hole distributions along
the transverse x axis, in which the position of another elec-
tron in a D− ion is fixed at r= �0.5,0 ,0� for the intravalley
case of Ge. The calculated exchange-correlation hole has the

maximum amplitude at the position of a donor �x=0� and has
a larger amplitude at the position of the other electron be-
cause of the correlation effect; as a result, the exchange-
correlation hole is asymmetric. Such an asymmetric fashion
is also confirmed for the Ne atom.23

IV. DISCUSSION AND CONCLUSION

Numerical results on the D− binding energies for Si and
Ge are summarized in Table I with the experimental results.
First, we compare calculated D− binding energies with the
observed ones for Li-doped Si, 1.75 meV �stress free� and
1.55 meV �high stress limit�.13 Larsen has pointed out15 that
they correspond to the intervalley binding energy �ij and the
intravalley one �ii, respectively. Our calculations give values
of 1.82 meV ��ij� and 1.57 meV ��ii�, which agree well with
the observed values �solid squares in Fig. 2�. Next, we com-
pare our results with Sb- and As-doped Ge, where the D−

binding energies observed at the high stress limit are 0.55
and 0.57 meV, respectively,12 with the negligible chemical
shift. The calculated value for the intravalley configuration
�0.52 meV�, which corresponds to the high stress case,
agrees well with the experimental one �see Fig. 2�. In our
previous calculations of the D− binding energies,10 �ii
=0.74 meV and �ij =1.01 meV for Si and �ii=0.22 meV and
�ij =0.48 meV for Ge were obtained. Larsen improved the
calculation and obtained24 the values of �ii=1.50 meV and
�ij =1.66 meV for Si. All these values are smaller than those
in Table I obtained by present DQMC calculations. In the
DQMC method, the correlation effect between two electrons
in a D− ion can be considered accurately and hence the
ground-state energy of a D− ion is lowered, giving a larger
binding energy in comparison with previous results.

In general, the effect of the central-cell correction for a
donor ion and the associated valley-orbit splitting17,18 must
be considered. Larsen15 and Oliveira and Falicov16 suc-
ceeded in explaining qualitatively the stress dependence of
the D− binding energy for P- and As-doped Si by taking into
account of the valley-orbit splitting, but quantitative agree-

TABLE I. Calculated values of D− binding energies �meV� using the DQMC method and Eq. �6� and
observed ones in the stress free and in the high stress limit �Li-, P-, and As-doped Si and Sb- and As-doped

Ge�. The neutral donor binding energy EB
D0

�meV� calculated using the DQMC method is also shown. The
longitudinal effective mass m

l
*, the transverse effective mass m

t
* in a unit of m0, and the relative permittivity

for Si and Ge are also shown �Ref. 21�.

m
t
*�m0� m

l
*�m0� �r EB

D0
EB

D−
EB

D−
�Expt.�

Si 0.1905 0.9163 12.1 27.7 �ii=1.57 High stress: 1.55�Li�a

�ij =1.82 Stress free: 1.75�Li�a

1.74 �Eq. �6�� Stress free: 1.73, 1.7�P�a,c 2.05, 1.7�As�a,c

Ge 0.0807 1.57 16.5 8.43 �ii=0.52 High stress: 0.55�Sb�b 0.57�As�b

�ij =0.71

0.66 �Eq. �6�� Stress free: 0.625�Sb�b 0.75�As�b

aReference 13.
bReference 12.
cReference 14.
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ment with the experimental results was not so good. Here,
we try to estimate the D− binding energy in the stress free
case with the simple assumption. The short-range interaction
elicits the central-cell correction, in which the states assigned
to each valley are mixed.10 The ground state of a neutral
donor can be written as a linear combination of each valley
state with an equal weight. Hence, the ground state of a D−

ion can be obtained as the linear combination of the intraval-
ley and intervalley configurations. If the central–cell correc-
tions for the D− and the D0 ground states are assumed to be
the same, the D− binding energy can be simply approximated
as

EB
D−

= ��ii + �g − 1��ij�/g . �6�

Here, g is related to the valley degeneracy and takes the
values of 3 and 4 for Si and Ge, respectively.25 The same
relation as Eq. �6� has also been shown by Larsen,24 and the
D− binding energy was approximated as 1.61 meV for
P-doped Si at zero stress.

Now, we try to compare our numerical results based on
Eq. �6� with the experimental ones in the stress free case. As
for Si, the binding energy is estimated as 1.74 meV from Eq.
�6� with �ii �1.57 meV� and �ij �1.82 meV� in Table I, which
agrees well with the observed values for P- and As-doped Si
�1.7 meV� �Ref. 14� and for P-doped Si �1.73 meV�.13 As for
Ge, on the other hand, Taniguchi and Narita observed D−

binding energies of 0.625 and 0.75 meV in the stress free
case for Sb- and As-doped Ge, respectively.12 A remarkable
chemical shift is observed in the stress free case. Equation

�6� gives the D− binding energy of 0.66 meV in satisfactory
agreement with 0.625 meV for Sb-doped Ge. However, this
simple approximation cannot explain the observed D− bind-
ing energies for As-doped Si �2.05 meV� �Ref. 13� and As-
doped Ge �0.75 meV�.12 As impurities have the largest
valley-orbit splitting17,18 among donor impurities in Si and
Ge. For such a case, the effect of the valley-orbit splitting
must be considered for the D− ground-state calculation.

In conclusion, we studied the D− ion ground state in the
multivalley semiconductors using the DQMC method when
the central-cell correction of a donor ion can be neglected.
The D− binding energy �ii for the intravalley configuration

can be well approximated as �ii�0.055EB
D0

with an accuracy
of less than 10% in the range of the effective mass ratio of
0.1�Mr�10.0. With increasing anisotropy of the effective
mass, the ratio is increased larger than 0.055, since the cor-
relation effect between two electrons in a D− ion is enhanced
in lowering dimensions. In the intervalley case, the D− bind-
ing energy �ij is increased as the angle between the longitu-
dinal axes of each valley increases. Calculated results repro-
duce well the observed D− binding energies for Si and Ge
under the experimental situation where the intravalley or the
intervalley configuration is realized.
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